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Abstract 

Generalized etale homotopy pro-groups 7rf*(C, x) associated to pointed 
connected small Grothendieck sites (C, x) are defined and their rela- 
tionship to Galois theory and the theory of pointed torsors for discrete 
groups is explained. 

Applications include new rigorous proofs of some folklore results 
around irf* (et(X) , x) , a description of Grothendieck's short exact se- 
quence for Galois descent in terms of pointed torsor trivializations, 
and a new etale van Kampen theorem which gives a simple statement 
about a pushout square of pro-groups that works for covering families 
which do not necessarily consist exclusively of monomorphisms. A 
corresponding van Kampen result for Grothendieck's profinite groups 
7rp al immediately follows. 
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1 Introduction 

The etale fundamental group ~K\ (X, x) of a pointed connected locally noethe- 
rian scheme was denned by Artin-Mazur in [AM69J by means of the cofiltered 
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category of pointed representable hypercovers of X and pointed simplicial ho- 
motopy classes of maps between them. The significance of this object may be 
seen immediately in the case X = Spec k where A; is a field: fixing a geomet- 
ric point x : Specf2 — > Spec k associated to some separable closure fl/k, one 
may directly compute that 7r^(Spec k, x) = Gal(f2/fc), the absolute Galois 
group of k with respect to Q. As the definition of the term "hypercover" is 
independent of the underlying Grothendieck topology, one may generalize the 
definition of nf to apply to the hypercovers of any pointed connected small 
Grothendieck site (C,x), where the "point" x is interpreted as a geometric 
morphism 

x : Set Shv(C) 

of toposes. The object of this paper is to explain some of the basic prop- 
erties of Trf(C,x) at this level of generality, including its relationship with 
Grothendieck's Galois theory and discrete group torsors and their trivializa- 
tions, and to prove a new van Kampen theorem for vr^*(C, x) which simplifies 
and extends previous work (in particular [Sti06| and |Zoo02j ) in a new ho- 
motopy theoretic direction. 

The principal technical device at work here is that of groupoids if-Tors x 
of pointed H -torsors for constant group sheaves H := T*H associated to dis- 
crete groups H. The characterization of these groupoids as homotopy fibres 
by Jardine in [Jar09bj allows one to give precise proofs of facts that previ- 
ously (to the author's knowledge) had the status of folklore: in particular, 
Theorem 13.51 here shows that the pro-groupe fondamental elargi G associated 
to the full subtopos SLC(C) of sums of locally constant objects of Shv(C) is 
pro-isomorphic to 7rf' {C,x). The subtlety here lies in the identification 

7if (C,z) = ?rf (SLC(C),x), 

as the latter pro-group is easily shown (Proposition 13. 71) to be pro-isomorphic 
to G. Artin-Mazur apparently thought they proved this in §10 of AM69J, 
but in fact those methods only achieve the identification of 7rf*(C, x) as a rep- 
resenting pro-object in 7rGrp, the category of groups and homotopy classes 
of homomorphisms between them, rather than Grp itself. The proof here 
is new and requires the homotopy theoretic characterization of pointed tor- 
sors. Pointed torsors may also be used to rigorously establish the bit of 
folklore that the profinite completion irf(et(X), x)^ of the nonfinite etale 
7rf* of a connected locally noetherian scheme or DM stack is pro-isomorphic 
to Grothendieck's profinite fundamental group 7rf al (X, x) associated to the 
finite etale site Finet(A) based at x (Proposition 13. Sj) . 
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With these issues out of the way, one may study trivializations of pointed 
torsors and use them to show how Grothendieck's short exact sequence for 
Galois descent 

1 7r^\C/(Y,y),y) -> n^(C,x) -» G Y 1 

associated to connected Galois objects (Y, y) in pointed Galois categories 
(C, x, F x ) arise naturally from short exact sequences in pointed nonabelian 
see Corollary EH 

The final section of this paper uses the general methods established above 
to prove a new variant (Corollary 16. 5p of etale van Kampen theorem which 
is both simple to state (it is just a pushout as in the usual topological van 
Kampen theorem) and does not require the covering family to consist ex- 
clusively of monomorphisms (as in the case of coverings by open subschemes 
or substacks; cf. |Zoo02j ). Corollary 16.61 shows in particular how this re- 
sult specializes to a statement about Grothendieck's profmite fundamental 
groups. The methods employed to prove these statements are conceptual, 
homotopy theoretic, and in fact give the presumably stronger Theorem 16.41 
whose statement does not in any direct way depend upon the underlying 
topology. 

2 Torsors and (geometrically) pointed torsors 

Etale homotopy theory begins with the observation that, for suitably nice 
Grothendieck sites C, the canonical constant sheaf functor T* : Set — > 
Shv(C) has a left adjoint n : Shv(C) — > Set called the connected components 
functor. Naturally, this functor has the geometric interpretation of sending a 
scheme to its set of scheme-theoretic connected components whenever one is 
working with some good enough site of schemes with a subcanonical topology 
(i.e. all representable presheaves are sheaves). 

2.1 Connectedness and local connectedness 

Recall that a sheaf F on a site C is called connected if whenever there is a 
coproduct decomposition 

F = F 1 U F 2 
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either F\ = or F2 = 0, where denotes the initial sheaf on C. A site C is 
called locally connected if every sheaf on C splits uniquely (up to canonical iso- 
morphism) as a coproduct of connected sheaves, and if representable sheaves 
similarly decompose as coproducts of connected representable sheaves. On 
the sites of interest here any connected scheme will represent a connected 
representable sheaf (see e.g. [ZooOlj . Lemma 3.3). It is known that the etale 
sites of locally noetherian Deligne-Mumford stacks are locally connected (3.1, 
|Zoo01j ). Under these conditions, the aforementioned connected components 
functor n exists (defined by sending each sheaf to its set of connected com- 
ponents) and is easily shown to be left adjoint to V*. A Grothendieck site C 
with terminal sheaf * will be called connected if * is connected. However the 
functor n may arise, the results below depend only upon its existence. 

2.2 Closed model structures and hypercovers 

Say that a category C is small if its class of morphisms Mor(C) forms a 
set. Any small Grothendieck site C admits a closed model structure on 
the associated category of simplicial (pre) sheaves where the cofibrations are 
monomorphisms, the weak equivalences are the local weak equivalences, and 
the fibrations are what will be called here the global fibrations. These closed 
model structures are due to Joyal in the sheaf case ( | Joy84| ) and Jardine 
in the presheaf case ( |Jar87j ) ; the reader is encouraged to refer to these 
papers for definitions of the terms not defined here. These are known as the 
"injective" model structures, and will sometimes be used in what follows. 

A morphism / : X — > Y of simplicial (pre) sheaves will be called a lo- 
cal fibration if it has the local right lifting property with respect to all the 
standard inclusions A'£ A n of /c-horns into the standard n-simplices for 
n > (cf. §1 of |Jar86j for a definition and discussion of the local right 
lifting property). A morphism / : X — > Y of simplicial (pre)sheaves will 
be called a local trivial fibration if it is simultaneously a local fibration and 
a local weak equivalence; by a theorem of Jardine (1.12, |Jar87j ) these are 
exactly the morphisms of simplicial (pre) sheaves having the local right lifting 
property with respect to the standard inclusions dA n <^-> A n of boundaries 
of the standard n-simplices for n > 0. By a simple adjointness argument 
beginning with the observation that dA n = sk n _iA n , one sees that this local 
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lifting property is equivalent to the assertion that the (pre) sheaf morphisms 

Yn 

are local epimorphisms for n > 1. This is true in particular when Y = 
K(Z,0), the constant (or "discrete") simplicial (pre)sheaf associated to a 
(pre)sheaf Z. When Z is a scheme and X is representable by a simplicial 
scheme this amounts to the classical definition of a hypercover / : X — > Z (cf. 
|AM69j ; these observations appeared in |Jar94j ). For this reason and others 
it is now standard to call any local trivial fibration of simplicial (pre) sheaves 
on a small Grothendieck site C a hypercover. This is what is meant by the 
term "hypercover" in the remainder of this paper. 

2.3 Torsors and homotopy theory 

Recall that a torsor X for a sheaf of groups G on a small Grothendieck site 
C is a sheaf X with an G-action such that there is a sheaf epi U — » * to the 
terminal sheaf * of C and a G-equivariant sheaf isomorphism 

X x U = G x U 

called a trivializaton of X along U. This implies that the sheaf-theoretic 
quotient X/G is isomorphic to the terminal sheaf *. The simplicial sheaf 
EG Xg X is defined in sections U as the nerves of the translation cate- 
gories Ea(u)(X (U)) for the actions of G(U) on X(U); each such category is a 
groupoid so n n (EG x G X) = for n > 2 and, as the isotropy groups locally 
vanish and the action is locally transitive there is a local weak equivalence 
EG x G X ~ * (here 7r n denotes the sheaf of homotopy groups in degree n; for 
the definition of a translation category see 1.8, IV, |GJ99j ). As there is an 
isomorphism of sheaves ttq{EG Xq X) = X/G one sees that X is a G-torsor 
if and only if the map 

EG x G X ->■ * 

of simplicial sheaves is a local weak equivalence (this is another observa- 
tion of Jardine; cf. 2.1, [Jar09aJ). The maps X — > Y of G-torsors are 
G-equivariant maps of sheaves, induced as fibres of comparisons of local fi- 
brations EG x G X — > BG (resp. for Y), hence are local weak equivalences of 
constant simplicial sheaves, so are isomorphisms (following notes of Jardine). 
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The category of G-torsors on C is therefore a groupoid denoted G-Tors(C); 
its path component set is denoted G), and this is the definition of non- 

abelian H l of C with coefficients in G. This set is pointed by the isomorphism 
class of the trivial G-torsor represented by G itself. 

It has been known at least since |AM69j appeared that the etale funda- 
mental group 7rf* (X, x) based at some geometric point x determines H) 
for constant sheaves of discrete groups H where C := et(X), the etale site of a 
connected locally noetherian scheme X pointed by x (i.e. where the covering 
families are taken to be surjective sums of etale morphisms; here "etale" is 
not taken to include "finite"). The following is a quick homotopy-theoretic 
argument to establish this. The author based it on an earlier argument of 
Jardine made in the setting of a Galois category in the sense of (V, |SGA03| ). 
First a lemma: 

Lemma 2.1. For any connected small Grothendieck site C and any hyper- 
cover U * of the terminal sheaf, one has 

7r (nC7) = *. 

Proof. The canonical map [/—>■* induces a map backwards 

[*> K(T*S, 0)] ->• [U,K(T*S, 0)] 

in the homotopy category for any set S, which is an isomorphism since 

is a hypercover. On the other hand U and * are cofibrant and ^(r*^, 0) is 

globally fibrant, so these determine isomorphisms 

?r(*, K (T*S, 0)) ^ n(U, K(T*S, 0)). 

where 7r denotes taking simplicial homotopy classes of maps. One has n(*) = 
* since C is connected, but then by adjunction 7r(*, K(S, 0)) = n(uU, K(S, 0)) 
so Hom(*, S) = Hom(7r (n[/), 5*) for any set S. Setting S = {0, 1} completes 
the argument. □ 

One may paraphrase this by saying that any hypercover of the terminal 
sheaf on a connected site is automatically path-connected. 

Proposition 2.2. For any connected pointed small Grothendieck site C there 
are bisections 

Tt cts (Tif(C),H) = H\C,H) 
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natural in discrete groups H , where 7rf(C) is the Stale fundamental group a la 
Artin-Mazur constructed by means of pointed (not necessarily representable) 
hypercovers and 7i cts is defined as in the proof. 

Proof. There is a sequence of identifications 

7r cts (7rf(C),#) := lim ^(nU, u), H) 

(U,u) 6HR» (C) 

^ lim n(uU,BH) 

(!7,w)eHR» (C) 

lim n(U,BT*H) 

(E/,«)eHR»(C) 

^ [*,BT*H] 

^ 7r (#-Tors(C)) := H\C, H) 

where the transition from simplicial homotopy classes of maps to homotopy 
classes of maps is the generalized Verdier hypercovering theorem applied to 
the locally fibrant objects U and BY*H (cf. |Jar09c| ). HR t (C) is the category 
of (geometrically) pointed hypercovers of the terminal sheaf (implicitly over 
the basepoint of C) and pointed simplicial homotopies between them, B 
denotes the sectionwise nerve functor, and if-Tors(C) denotes the groupoid 
of if-torsors associated to the constant sheaf of groups T*H. □ 

Lemma 12.11 was used here in a subtle way to conflate the fundamental 
groupoid of nil with the fundamental group of (nU, u), as they are homotopy 
equivalent (in the sense of taking their nerves) in this case. This argument 
applies to any topology, not just the etale, and so is valid for the analogues 
of 7rf in any other setting where one can talk about hypercovers in a pointed 
connected site. 

The converse question of whether the pointed sets iJ 1 (C,if) together 
with their naturality in discrete groups H together determine (C) is more 
difficult to answer. Proposition 12.21 may be interpreted as establishing that 
the functor 

H\C,-) : vrGrp Set 

is pro-represent able by irf (C), where 7rGrp is the category of groups and sim- 
plicial homotopy classes of homomorphisms between them (known elsewhere 
as homomorphisms up to conjugacy or "exterior" homomorphisms). As rep- 
resenting pro-objects are unique up to pro-isomorphism (8.2.4.8, I, |SGA72j ). 
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one knows that H l {C, — ) determines 7rf (C) up to pro-isomorphism in 7rGrp, 
but one does not know at this stage of the argument that it is determined up 
to pro-isomorphism in Grp. In the case that H need only vary over abelian 
groups this problem does not arise since the conjugacy relation degenerates. 
Geometrically pointed torsors (or just "pointed torsors" for short) were in- 
troduced precisely to fix this problem wherever Galois theory (in the modern 
topos theoretic sense) is available. 

3 Pointed torsors and Galois theory 
3.1 Pointed torsors 

Geometrically pointed torsors may be motiviated by the following simple 
example from the Galois theory of fields: fix a base field k and choose a 
separably closed extension x : k Q. This determines a geometric point 

x : Spec f2 — y Spec k 

of the associated scheme Spec k. Considering any Galois extension / : k ^y L 
of k, the possible lifts y (i.e. geometric points) making the associated diagram 

Spec L 




f 



Spec f2 — Spec k 

commute coincide with the possible embeddings L ^y Q over k, which are of 
course permuted by the action of the associated Galois group G&\(L/k). The 
scheme SpecL represents a Gal(L/A;)-torsor trivializing over itself; however, 
if one requires that the Galois action respect a fixed choice of lift (i.e. one 
makes a fixed choice of geometric point y : Specf2 — y SpecL over x) then 
only the trivial action is possible, as the associated embedding has been 
fixed. This property of having no nontrivial pointed automorphisms means 
that groupoids of such pointed torsors over k and pointed equivariant maps 
between them are particularly simple from a homotopy theoretic point of 
view: they are disjoint unions of contractible path components. 

Suppose C is some site of schemes having finite limits and finite coproducts 
which contains a separably closed field Q : = Specfi. So long as the topol- 
ogy is defined by families of maps that are stable under pullback, Verdier's 



8 



criterion from [SGA72J, Expose III applies and determines a site morphism 



x : c/n ->• c/x 

associated to any map x : Spec O — > X to some object X. If C is a site with 
the etale topology then this further determines a geometric morphism 

x* : Shv(et(X)) <=> Shv(et(fi)) ~ Set : x* 

where one recognizes x* as the functor sending any etale sheaf on X to its 
stalk at the geometric point x. One readily verifies that the choice of a 
global section u : * — > x*{U) associated to a sheaf U represented by an 
object U — > X of et(X) is equivalent to the choice of a geometric point 
u : Spec ft — > U over x. 

More generally, suppose that 

x* : Shv(C) *=> Set : x* 

is a geometric morphism with direct image functor x* for some small Grothendieck 
site C; such a pair (C, x) will be called a pointed site with basepoint x. The 
functor x* is an inverse image functor so is exact and thus preserves local 
weak equivalences: by exactness x* commutes with Kan's Ex°° functor and 
thus it suffices to prove the statement for locally fibrant objects, but then one 
may factor the map as a local weak equivalence right inverse to a hypercover 
followed by a hypercover (cf. e.g. 8.4, II, [GJ99] ). and one may directly check 
that x* preserves hypercovers by using their definition in terms of coskeleta. 
As x* is exact it also preserves the Borel construction EH XhX associated to 
any if-torsor X for any sheaf of groups H on C, so in summary it preserves 
the local weak equivalence 

EH x H X ^ * 

and thus sends if-torsors on C to x*if-torsors in Set. 

A geometrically pointed H-torsor on the pointed site (C, x) for a sheaf 
of groups H is an if-torsor Y on C together with a global section y : * — > 
x*(Y). A morphism of (geometrically) pointed i7-torsors is a morphism of 
the underlying if-torsors that respects the points. Lemma 1 of [Jar09b] 
establishes in particular that the groupoid H-Tors(C) x of pointed f/-torsors 
on C is the homotopy fibre of the map 

#-Tors(C) -> x*(#)-Tors(Set). 
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Suppose now that if is a constant sheaf of groups. Then every pointed H- 
torsor on C is locally constant on C so the groupoids H-Tois(C) x for variable 
discrete groups H all belong to the subtopos SLC(C) C Shv(C) of sums of 
locally constant objects of Shv(C). The inverse image x* : Shv(C) — > Set 
then restricts (cf. |Moe95j ) to an inverse image 

x* : SLC(C) Set. 
3.2 Digression on Galois theory 

Now assume that (C,x) is also connected. In |Moe89j . Moerdijk showed that 
there are then pointed topos equivalences 

SLC(C) ~ Shv(G/U) ~ BG 

analogous to that of classical Galois theory, where G is a prodiscrete localic 
group (pro-object in the category of localic groups, which themselves are 
group objects in the category of locales). Here one may conflate the diagram 
G with its limit object hjn G in localic groups (in a sense this is the reason 
for considering localic rather than topological groups in this context). The 
"prodiscrete" adjective means that G may be interpeted as a cofiltered di- 
agram of discrete localic groups, just as classical Galois theory deals with 
limits of discrete topological groups. The site G/U is that of the right cosets 
G/U for localic open subgroups U of G (these are discrete), with the obvious 
G-action, and all G-equivariant maps between them as G-sets, where a G-set 
Z is a set Z with a G-action in the localic sense. The topos BG is that of 
all discrete G-sets, and in particular the latter equivalence asserts that any 
discrete G-set of the form G/U for a localic open subgroup U represents a 
sheaf on the site G/U, so the topology is subcanonical. It is known that any 
prodiscrete localic group corresponds to a pro-group with surjective tran- 
sition maps, and the canonical maps G — > Gj are all also surjective (1.4, 
[Moe89| ). 

Under Moerdijk's equivalence the inverse image x* : SLC(C) — > Set goes 
to the functor g* : BG — > Set that forgets the G-action |Moe95j ; this functor 
obviously reflects epis so it is faithful and thus the topos BG has enough 
points, namely {g}. This point g restricts to a forgetful functor 

u : G/U -> Set. 
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Recall that if Set is equipped with the standard topology where the cov- 
ering families are surjections then there is an equivalence Shv(Set) ~ Set 
determined by F y F(*) on the one hand and X i— > Hom(— ,X) on the 
other. Following | Jar09b] . the direct image ~ g* : Set — > Shv (G/U) 
sends any set X to the sheaf Hom(«(— ),X) on G/U, and the left adjoint 
u* ~ g* : Shv (G/U) — > Set is the left Kan extension defined by 



where the index category */X has maps * — > X as objects where the X 
are sets of the form G/U for open localic subgroups U and morphisms are 
commutative triangles over morphisms in the category G/U. The identity 
elements e : * — > Gi represent the pro-group G itself in this index cate- 
gory, and this subcategory is cofinal as usual so one arrives at the useful 
characterization 



The pointed topos (Shv(G/U), u) has enough points since it is pointed equiv- 
alent to (BG,g), and in fact the list {u} suffices since equivalences of cate- 
gories are faithful functors. 

A word of explanation: intuitively, the subtopos SLC(C) captures and 
isolates the covering space theory of Shv(C). The category of locally constant 
finite sheaves on the etale site of a scheme X is known (by descent theory) to 
be equivalent to the finite etale site of X. More generally, any locally constant 
sheaf of sets on et(X) for a scheme X is represented by a (not necessarily 
finite) etale map (cf. 2.2, Expose IX, III, |SGA72j ). so the connection with 
geometry is closer than one might expect a priori. 

3.3 Characterization of nf 

Under Moerdijk's equivalence the groupoid H-Tom(C) x of pointed .£Z-torsors 
over x for any constant sheaf of groups H on a connected site C goes to 
a groupoid -£/-Tors(G/U) u of pointed iJ-torsors over u. Equivalences of 
categories preserve path components and pointed torsors over x and u have no 
nontrivial (pointed) automorphisms since x* and u* are faithful on SLC(C), 
so there are induced weak equivalences of groupoids 



u*(F)(*) := limF(X) 



*/x 



u*(F) = lh%F(G i ). 



H-Tots(C) x ~ #-Tors(G/U) 



u 
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natural in H. It therefore suffices to study the latter class of groupoids for the 
purpose of computing ti (H-Toys(C) x ). By Lemma 1 of |Jar09b] the groupoid 
if-Tors(G/U) n is the homotopy fibre of the canonical map 

u* : if-Tors(G/U) -»■ F-Tors(Set) 

The analogue of Corollary 11 of |Jar09b] in this context determines bijections 

7r (fi'-'Ibrs(C) a .) = 7r (#-Tors(G/U) u ) S fimHom(C'(Gi), BH) 

natural in H where / is the indexing category for the prodiscrete localic 
group G and C(Gi) is the simplicial Cech resolution associated to the G- 
equivariant epi G{ -» *. As H is a constant sheaf of groups (rather than 
groupoids), Example 13 of [Jar09b] applies to give bijections 

H*(C,H) := 7T (F-Tors(C) x ) = limHom(Gj, H) 

i 

natural in H and the latter may be further identified with the set Homi oc (G, H) 
of maps of prodiscrete localic groups from G to H to make complete the anal- 
ogy with the case of ordinary torsors discussed above. 
The upshot of all this is summarized in 

Proposition 3.1. Suppose (C,x) is a connected (thus locally connected) 
small Grothendieck site pointed by a choice of geometric morphism x : Set — > 
Shv(C) ("point" in topos language). Then the pro-group G associated to the 
subtopos SLC(C) of Shv(C) is determined up to pro-isomorphism by the 
pointed nonabelian H^{C, — ) functor associated to x. 

Proof. After the above discussion one must only note that H^(C, — ) is pro- 
representable by G and that representing pro-objects are unique up to pro- 
isomorphism. □ 

The pro-group G here is exactly what Grothendieck called the "pro- 
groupe fondamental elargi" based at x (pg. 110, Book 2, [S GA70] ). The 
expected explicit identification of G is given by G = 7rf*(C, x) where the lat- 
ter group is the fundamental pro-group of Artin-Mazur defined by means of 
pointed representable hypercovers. The standard reference for this identifica- 
tion is §10 of [AM69] . but unfortunately the argument there boils down to the 
characterization of impointed nonabelian H 1 (\nK\, H) for hypercovers K in 
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classical topological covering space theory, so it cannot be considered to give 
a complete characterization of G. In other words, it runs into the same "ho- 
momorphisms up to simplicial homotopy" versus "actual homomorphisms" 
problem mentioned after Proposition 12.21 

The statement 7rf* (et(X), x) = G for small etale sites et(X) of connected 
locally noetherian schemes or DM stacks seems to have also been considered 
in (pg. Ill, Book 2, [SGA70] ). There Grothendieck is considering pointed 
H-toTsors for constant group sheaves H, and his argument reduces to the 
explicit description of Hom(G, H) = H*(C,H) in terms of pointed descent 
data associated to Cech resolutions C{U) for the various etale coverings U -» 
*. Unfortunately he gives no proof of the crucial last lines of his argument, 
so to the author's knowledge there is a gap in the literature. One may fill 
this gap as follows. 

Fix a pointed small Grothendieck site (C,x), a constant sheaf of groups 
H on C with stalk also denoted H, and a pointed representable sheaf epi 
(U,u) -» * of Shv(C). Let ? {u : Shv(C) Shv(C/(U,u)) denote the cor- 
responding restriction functor; this functor is exact (right adjoint of a topos 
morphism and it preserves sheaf epis), so it sends pointed if-torsors on C 
(with respect to x) to pointed if-torsors (with respect to u) on C/(U, u), and 
morphisms of pointed if-torsors on C to morphisms of pointed if-torsors on 
C/(U,u). Let Fjj denote the homotopy fibre of the induced map 

V 

H-Tots x — > H-Tors u 

of groupoids where if-Tors^ is the groupoid of pointed i7-torsors on C with 
respect to x and if-Tors u is the groupoid of pointed if-torsors on C/(U,u) 
with respect to u. Then the objects of Fy are morphisms H — > T\u of 
pointed if-torsors (the trivial if-torsor H being pointed by e G H) and the 
morphisms are commutative triangles 

T\u 

of morphisms of pointed if-torsors on C/(U,u) where m : T — > T' is a 
morphism of pointed if-torsors on C. The objects of Fy correspond exactly 
to pointed trivializations a : (U,u) — > T so that Fy is equivalent to the 
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groupoid Fjj whose objects are pointed trivializations of the form a and 
whose morphisms are commutative triangles 



T 




of pointed maps in C where m is a morphism of pointed if-torsors. The map 
Fjj — > H-Tots x is that which forgets the pointed trivializations. 

Lemma 3.2. With the definitions above, there are bisections 

■Ko(Fu) = Hom((7(C/, u), BH) 

natural in discrete groups H, where C(U,u) is the pointed Cech resolution 
associated to the pointed sheaf epi (U,u) -» * of C. 

Proof. By Lemma 2 of [Jar09bj the path components of Fjj correspond to the 
path components of the cocycle category hg(*, BH) X of those pointed Cech 
cocycles under (U,u). Each pointed trivialization a : (U,u) — > T determines 
a pointed Cech cocycle 

* ^ C(U,u) ^ C(T) BH. 

Such cocycles are initial in their respective path components of Hq{*, BH) x , 
so these path components correspond to certain maps C(U,u) — > BH. Any 
element in Hom(C(U, u), BH) determines a pointed if-torsor T equipped 
with a fixed pointed trivialization a by (U,u), so this correspondence is sur- 
jective, hence bijective. □ 

The category E x of pointed sheaf epis (U, u) -» * on C certainly has 
products, and for the sake of torsor trivialization arguments one may assume 
that parallel maps 

(V, v) \ (U, u) 



are identified so that E x is (co)filtered. 

Say that a pointed if-torsor (T, t) admits a pointed trivialization if there 
exists a pointed representable sheaf epi (U, u) -» * and a pointed section 
a : (U, u) T. Pointed trivializations exist in most cases of interest: 
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Lemma 3.3. Suppose (C,x) is a pointed small Grothendieck site with a sub- 
canonical topology (i.e. representable presheaves are sheaves) and arbitrary 
small coproducts. Then any pointed H-torsor for a sheaf of groups H on C 
admits a pointed trivialization by a representable sheaf epi. 

Proof. Any pointed if-torsor (T, t) admits some ordinary trivialization a : 
V — > T from a sheaf epi V -» *, but then the composite V — > T — > * is 
an epi so that the canonical map T — > * is also an epi. As a sheaf, T is 
a colimit of representable presheaves C/j for some small index category /, 
which are sheaves since the topology is subcanonical, and there is a sheaf 
epi U :— Ujg/C/j -» T so that the composite U — > T — > * is a sheaf epi. In 
particular the map U -» T is a representable trivialization of T, and as it 
is a sheaf epi, any point t G x*(T) lifts to some point u G x*(U), so that 
(U, u) -» T is a pointed trivialization of T. □ 

This is true in particular for pointed sites of connected locally noetherian 
schemes and DM stacks with nonfinite etale topologies. The homotopy long 
exact sequence associated to the fibre sequence 

Fu — > H-Tots x — ?■ H-Toys u 

in groupoids for a representable pointed sheaf epi (U, u) -» * has the form 

1 -)• 7n(//-Tors u ) -)• no(Fu) -)• ^(iJ-Tors,) -)• 7r (/J-Tors u ). 

for any constant sheaf of groups H on a pointed connected site since 
the objects of if-Tors^ have no pointed automorphisms. The trivial pointed 
torsor H on C/ (U, u) is represented by H x [/ pointed by e x -u over x with 
its canonical pointed projection pr u : H x U —)■[/. The sheaf H x U is 
obviously locally constant since if is constant, so it lives in SLC(C), but 
then it has no nontrivial pointed (U, -^-automorphisms as any such must be 
the identity on x*, and x* is faithful for SLC(C) by Galois theory. Thus 
7Ti(if-Tors u ) vanishes at the basepoint given by the trivial if-torsor, so the 
sequence above always reduces to an exact sequence 

1 ->■ 7r (Fi7) ->■ ir (H-Tors x ) ->■ n (H-Tors u ). 

Lemma 3.4. With the definitions above there are bijections 

lira n (Fu) = ^(//-Tors,) := H^C, H) 

(U,u)GE x 
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natural in discrete groups H whenever pointed H-torsors on (C, x) admit 
pointed trivializations by representable sheaf epis for all constant sheaves of 
discrete groups H . 

Proof. Taking the filtered colimit over E x of the homotopy short exact se- 
quences of pointed sets above, one obtains a short exact sequence 

1 -> lim7r (F[/) -> TiQ(H-Tom x ) -> * 

E x 

of pointed sets since one has hni^ 7r (i?-Tors u ) = * as every pointed if-torsor 
on any Cj (U, u) pointed trivializes on a sufficiently fine choice of pointed sheaf 
epi (V,v) -» * dominating (U,u). The middle map is therefore surjective by 
exactness. The filtered colimit of the maps tti(H-Tots x ) — > tti(H-Tots u ) for 
any choice of basepoint of if-TorSa; is surjective since all non-trivial torsors 
eventually pointed trivialize and one knows that the trivial if-torsor on any 
(U, u) has no nontrivial pointed automorphisms by the above discussion. 
Therefore the colimit map ^o(hrn E Fjj) —> n Q (H-ToTs x ) must be injective by 
Lemma \A. 1 1 below. The middle map must therefore be bijective, as was to be 
shown. □ 

The following Theorem gives the desired characterization of G: 

Theorem 3.5. Suppose (C, x) is a connected, pointed small Grothendieck site 
with finite limits and arbitrary small coproducts where pointed H-torsors ad- 
mit pointed trivializations by representable sheaf epis for all constant sheaves 
of discrete groups H . Then the pro-groupe fondamental elargi G associated 
to the full subtopos SLC(C) of Shv(C) via Galois theory is pro-is omorphic 
to the etale fundamental pro- group irf(C,x) constructed by means of pointed 
representable Cech hypercovers. 

Proof. The strategy is to demonstrate that 7rf(C, x) pro-represents the func- 
tor H*(C, — ) so that it must be pro-isomorphic to G. By the previous two 
Lemmas one has identifications 

UmHom(7Ti(n£(tf,u)),.ff) 

E x 

hm.Rom(C(U,u),BT*H) 

E x 

lini 7r (Fc/) 

E x 

ir (H-ToT8 x ):=H^C,H) 



Hom cts (7rf(C,x),#) 
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natural in discrete groups H, so the result follows. 



□ 



In particular the above result does not assume C has the etale topology 
(despite the use of the word "etale" which is present here for historical rea- 
sons) and makes no use of descent theory, although in retrospect it does show 
that descent-theoretic methods may be applied to the study of 7rf(C,x) in 
suitable geometric settings. The following comparison result shows that it 
suffices to use sheaf-theoretic hypercovers: 

Proposition 3.6. Suppose (C, x) is a pointed connected small Grothendieck 
site with a subcanonical topology (i.e. representable presheaves are sheaves), 
finite limits, and arbitrary small coproducts. Then there is a pro-isomorphism 

vrf(C,x) = 7rf(C,x) rep 

where the lefthand side is the fundamental pro-group defined by means of 
pointed hypercovers and the righthand side is the classical fundamental pro- 
group defined by means of pointed representable hypercovers. 

Proof. The essential fact here is that any hypercover [/—>■* of the terminal 
sheaf * may be dominated by a representable hypercover V — > * (cf. Lemma 
2.2, |Jar94j ). A careful reading of the argument there shows that the repre- 
sentable simplicial scheme X at the base may be replaced by the terminal 
sheaf * in the present context without losing representability of the split hy- 
percover, even when the terminal sheaf * itself is not representable (e.g. on 
certain fibred sites), as it is a constant simplicial object. 

The argument of [Jar94j is inductive and begins with the observation 
that any sheaf epi U -» * to the terminal sheaf may be dominated by a 
representable sheaf epi: every presheaf (in particular every sheaf U) is a 
colimit of representable presheaves C/j (which are sheaves since the topology 
is subcanonical) on some small index category /. This colimit appears as the 
coequalizer 

|_j u^[]u 3 ^u 

k:i—>j£l jdl 

so in particular the indicated map is always an epi and thus it determines a 
commutative triangle 



U 




U jeI Uj ^ * 
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of epis whenever [/—>■* is a sheaf epi. In particular the map 

V := U jeI Uj -» U 

is an epi in this case so that x*(V) — > x*(U) is also an epi by exactness, thus 
any point u x G x*(U) lifts to a point v x G and therefore any pointed 

sheaf epi may be dominated by a pointed representable sheaf epi. 

Thus any pointed hypercover is dominated by some pointed representable 
hypercover. Now the category HR*(C) of pointed hypercovers of the terminal 
sheaf of C and pointed simplicial homotopy classes of maps between them has 
products and equalizers so the result follows by a cofmality argument. □ 

One may also wonder what happens if itf (SLC(C), x) is computed instead 
of7rf(C,x): 

Proposition 3.7. Suppose (C, x) is a pointed connected small Grothendieck 
site having all finite limits and a subcanonical topology. Then the pro-group 
G associated to SLC(C, x) is pro-isomorphic to the pro-group (SLC(C), x) 
defined by means of pointed representable hypercovers in SLC(C). 

Proof. One directly calculates 

Hom cts (7rf(SLC(C),x),#) S lim Hom(7Ti(nC'(C/, u)),H) 

^ lim YLom(C(U,u),BT*H) 

({/,«)-»* 

= lim B.om(C(Y,y),BT*H) 

(y,y)gGal(SLC(C)) 

lim B.om(C(G Y ),BT*H) 

(G Y ,e GY ) 

= limHom(G r ,/f) := Hom loc .(G, if) 

where the ([/, m) -» * are pointed representable sheaf epis over x, the (Y, ?/) G 
SLC(C) are pointed Galois objects for (SLC(C), x) which are cofinal among 
such sheaf epis by Galois theory (cf. Prop. 3.1.1, Thm. 3.3.8, |Dub04j ). 
the Gy '■= Gal(F) are the associated Galois groups regarded as discrete 
localic groups, and C(U,u) is the Cech construction for any pointed sheaf 
epi (U, u) -» *. As these bijections are natural in H the result follows. □ 

Proposition 13.71 was previously established by Artin-Mazur (§9, [AM69J) 
who used a slightly different method. 
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3.4 Application to finite etale sites 



As a consequence of (V, [SGA03] ) and (4.2, |Noo04j ) one has pointed equiv- 
alences 

Shv(Finet(X),a;) ~ Shv(7r 1 Gal (X, x)-Set df ) ~ Bnf al {X,x) 

whenever (Finet(X), x) is the finite etale site of a connected locally noethe- 
rian scheme or DM stack with geometric point x, where 7i~p al (X, x) denotes 
the profinite fundamental group of (Finet(X), x) determined by Grothendieck's 
general theory of Galois categories. The same techniques as in the proof of 
Proposition 13.71 establish that there is a pro-isomorphism 

vrf (Finet(X),x) S tt^\X,x) 

in this situation, at least where nf (Finet(X), x) is defined by pointed rep- 
resentable hypercovers, so that 7rf al (X, x) pro-represents the functor 

^(Finet(X), -) : FinGrp ->■ Set 

where FinGrp is the category of finite groups and group homomorphisms 
between them. Any finite group torsor on et(X) automatically belongs to 
Finet(X), so H^,(et(X), — ) and i?*(Finet(X), — ) are isomorphic as functors 
on FinGrp. The following Proposition establishes a relationship between the 
finite and nonfinite etale sites: 

Proposition 3.8. Suppose (et(X),x) is the pointed (nonfinite) etale site 
of a connected locally noetherian scheme or DM stack. Then the profinite 
Grothendieck fundamental group 7rf al (X, x) associated to Finet(X) is pro- 
isomorphic to 7rf*(ei(X), x)^, the profinite completion of the classical etale ho- 
motopy pro-group 7rf(et(X), x) constructed by means of pointed representable 
hypercovers. 

Proof. As seen above 7rp al (X, x) pro-represents the functor Hl(et(X),— ) : 
FinGrp — > Set, and on the other hand 7rf* (et(X), x) is known to pro- 
represent H^.(et(X), — ) : Grp — > Set by Theorem 13 .51 Therefore nf (et(X), x)~~~ 
also pro-represents H^.(et(X),— ) : FinGrp — > Set, so it must be pro- 
isomorphic to 7rp al (X, x). □ 
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4 Pullbacks of groupoids and ttq 



The results below will require some basic facts about the path components 
functor 7r as it pertains to pullbacks of groupoids. The following Lemma 
exemplifies the utility of representing a homotopy fibre sequence by a diagram 
that commutes on the nose: 

Lemma 4.1. Suppose f : G —> H is a map of groupoids inducing surjections 
ni(G,x) -» 7Ti(H, f(x)) on all fundamental groups, y an object of H , and F y 
the homotopy fibre of f overy. Then the induced map 

7T (/) : MF y ) -+ ir (G) 

is an injection. 

Proof. Form the pullback square 



GxhH'^H 1 



di 



G 



H 



and note the section s (thus weak equivalence) of d u defined by sending 
any object x of G to 1 : f(x) — > f(x) in G x H H 1 . Generally, an object of 
G x H H 1 is an object x of G together with a morphism uj : f(x) — > z of H, 
and a morphism is a pair of morphisms (m, n) making the square 



f(m) 



Z 



commute in H. Then n = dof* : G x# H 1 — > H is a fibration (functorially) 
replacing / and the pullback 

F y ^GxhH 1 



H 
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defines a model F y for the homotopy fibre over y. Since tts = f, the objects 
of F y look like u> : f(x) —> y and the morphisms are triangles 



/(*) 



/M 




y 



that commute on the nose. Suppose ou : f(x) —> y, ui' : /(x') — >■ y are two 
objects of F y in the same path component of G X/j H 1 . Then there is a 
commutative square 

f(x)^y 

f(m) 

in H, but the map n : G x H H 1 —» if is surjective on 7Ti so n has a lift 

where p is an automorphism of x in C But then there is a commutative 
triangle 

/(x) ^ - m 



□ 




so w and u>' are in the same path component of F y . 



To apply the above Lemma to pullbacks of groupoids, it is helpful to 
know the following slightly unusual characterization of pullback diagrams in 
sets: 



Lemma 4.2. A square diagram of sets 



B 



C 



D 
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is a pullback if and only if for each c G C the fibre A c of f* over c is isomor- 
phic to the fibre B gc of f over gc G D via the induced map i c : A c ^r B gc . 

Proof. Assume the induced map i c : A c > — > B gc i is an isomorphism for each 
d G C and suppose (c,d,b) G C x D B. Then g(c) = d = fib), so b G B gc 
and there is a unique element a\> G A c such that i c {a>b) — b. To see that 
(c,d,b) I—)- Of, := ic l (p) is the desired assignment, observe that /*(a&) = c 
since a b G A c and g*(ab) = ic(cLb) = The collection of such assignments 
determines a unique map C Xjj B — > A, so A is a pullback of the diagram. 
The converse is trivial. □ 

Proposition 4.3. Suppose f : G H is a map of groupoids inducing 
surjections ttx(G,x) -» ni(H,f(x)) on all fundamental groups. Then any 
homotopy pullback P along a map g : N — )■ H of groupoids induces a pullback 

7T (P) ^TTo(G) 



7T (iV) -7To(^) 



of path component sets. 

Proof. Replace / by a fibration. For any object y of iV, consider the diagram 




of pullbacks and the induced comparison 

9* 



n (N) 



of long exact sequences of fibrations in degree 0. By Lemma 14.11 the map 
(gy)* is monic, so is monic as well. Thus no(F y ) (resp. no(F g y)) is the 
set-theoretic fibre of the map vr (/*) (resp. vr (/)) for any such choice of y. 
Apply the previous Lemma. □ 
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5 Short exact sequences associated to torsor 
trivializations 



The purpose of this section is to illustrate how Grothendieck's short exact 
sequences 

1 ->• Tr?*\Xy) -» ir? al (X) -> G y -> 1 

associated to Galois objects Y — > X of (et(X),x) arise (at least in part) 
from analogous sequences in (pointed) nonabelian H 1 , and to explain exactly 
how using pointed nonabelian H\ gives different results than unpointed non- 
abelian H 1 in this context. Grothendieck's proof of these sequences made 
use of his theory of base change for fundamental functors in Galois categories 
(C,F) (§6, V, |SGA 03j); the methods presented here give a different inter- 
pretation directly in terms of torsors which may be of independent interest. 

Suppose C is a small Grothendieck site, H any sheaf of groups on C, and 
U -» * any representable sheaf epi of C. Consider the sequence 

H-Tors(C)u tf-Tors(C) H-Tovs(C/U) 

of groupoids where H-Tors(C)u is the full subgroupoid of ordinary if-torsors 
on C trivializing upon restriction l\n to U. 

Proposition 5.1. For any sheaf of groups H and representable sheaf epi 
U -» * on a small Grothendieck site C, there is an exact sequence 

1 -)• 7ro(F-Tors(C)c/) M> H\C,H) H l {CjU,E) 
of pointed sets where the indicated map is injective. 

Proof. An inclusion of a full subgroupoid is always injective on path com- 
ponents so the indicated map is injective. Suppose [t] G n (H-Tors(C)) 
and 7r (?|[/)(M) = [*c/u] so that [t] G ker(7r (?| {/ )). Then l\u(t) = t\u is in 
the path component of *c/u> so there is an isomorphism tm = *c/u which 
says exactly that t trivializes upon restriction. Therefore t is an object of 
H-Tots(C)u, and so is any other object x G [t] since by definition there is 
then an isomorphism x = t which induces an isomorphism upon restriction. 
Conversely, if t trivializes upon restriction then by definition there will be 
an if-equivariant isomorphism tm = *\u so that [t] G ker 7To(?i[/). There- 
fore ker7r (?|[/) = iTq(H-Tots(C)u), so the sequence is exact as was to be 
shown. □ 
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In particular (C,x) may be the pointed finite etale site Finet(X) for 
some connected locally noetherian scheme or DM stack X and U = Y -» * a 
Galois object of C. The following justifies a certain notational identification: 

Lemma 5.2. For any connected Galois object Y -» * of a Galois category 
(C, F) that is also a connected site there are bijections 

tv (H-Tots(C)y) = H X (G Y , H) 

of pointed sets, natural in constant sheaves of discrete groups H := T*H, 
where the latter pointed set is the nonabelian H 1 of Serre (cf. \Ser9$ ) for 
the trivial action of the group Gy on H . There are also bijections 

H x (Gy, H) = [BG Y ,BH] 

natural in discrete groups H where the righthand side is pointed by the class 
of the trivial homomorphism. 

Proof. By Lemma 4 of |Jar09a] there is a weak equivalence BH(*, BH)y — 
BH-Tots(C)y where H(*, BH)y is the union of all path components of the 
cocycle category H(*, BH) containing cocycles of the form 

* C{Y) -> BH. 

In particular there is a bijection 7r (if-Tors(C)y) = tto(BH(*, BH)y), and 
the latter set is bijective to ir(C(Y), BT*H) as one sees directly from the 
fact that natural transformations correspond to simplicial homotopies upon 
taking nerves (cf. the proof of Lemma 4 of |Jar09aj ). As H = T* if is a 
constant sheaf of groups there are bijections 

Tt(C(Y), BY*H) = n(n&(Y), BH) = n(BG Y , BH) = H\G Y , H), 

where nC(Y) = BGy because Y x Y = L\g y Y since Y is connected Galois. 
The latter assertion follows from the bijection tt(BGy, BH) = [BGy, BH] 
which exists because BH is fibrant and all simplicial sets are cofibrant. □ 

Proposition 5.3. Suppose (C, F) is a Galois category that is also a connected 
Grothendieck site, Y -» * a connected Galois object of C with group Gy, and 
H a constant sheaf of discrete groups on et(X). Then there is an exact 
sequence 

1 -»■ H\G Y ,H) H\X,H) H\Y,H) 
of pointed sets natural in H. 
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Proof. Proposition 15.11 applies. Combine the resulting short exact sequence 
with the identification 7r (i?-Tors(C)y) = H x {Gyi H) of the previous Lemma. 

□ 

This may be considered to be the unpointed torsor theoretic analogue 
of Grothendieck's short exact sequence for Galois descent. Analogous ar- 
guments work for pointed torsors: let Fjj denote the homotopy fibre of the 
restriction map 

V 

H-ToiSj. — > H-Tois u 

for any pointed representable sheaf epi (U,u) -» * of a pointed connected 
small Grothendieck site (C, x) and constant sheaf of discrete groups H := 
T*H as in subsection 13 .31 Then there is a bijection %q{Fu) = Hom((7({7, u), BH) 
by Lemma 13.21 and the long exact sequence in homotopy groups associated 
to ?\u degenerates to the exact sequence 

1 -»■ Eom(C{U,u), BH) -»■ n (H-Tois x ) -»■ it {H-Tors u ) 

of pointed sets. 

Proposition 5.4. Suppose (C,x) is a pointed connected small Grothendieck 
site, (U,u) -» * a pointed representable sheaf epi of (C,x), and H := T*H a 
constant sheaf of discrete groups on C. Then there are exact sequences 

1 ->■ Eom(d(U, u), BH) ^ H*(C, H) -> H*(C/(U, u), H) 

of pointed sets natural in discrete groups H where the indicated map is in- 
jective if (U, u) is connected. 

Proof. By definition H*(C, H) = tt (H-Tots x ) and H*(C/(U, u),H) = tt (H-Tots u ). 
The indicated map is injective if (U, u) is connected since then the site 
C/(U,u) is connected so that if-Tors u has no nontrivial automorphisms at 
any of its basepoints by Galois theory; then apply Lemma 14.11 □ 

Corollary 5.5. With the hypotheses of Proposition [37^] , if C is furthermore 
a Galois category for the fibre functor F x then there are exact sequences 

1 -> Hom(GV,tf) ^ H X (C,H) -+ H\{C / \Y,y), H) 

natural in discrete groups H associated to any connected Galois object (Y, y) -» 
* ofC. 
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Proof. By the observation uC(Y,y) = BGy. □ 

As the functors Hom(GV, — ), H^(C,—), and Hy(C/(Y,y),—) restricted 
to FinGrp are pro-representable by Gy, 7rf al (C, a;), and 7rf al (C/(Y, y), y), 
respectively, there are induced exact sequences 

(y,y),y) -> n^(C,x) -» G y -> 1 

of profinite groups where the indicated map is an epimorphism. The injectiv- 
ity of the first map may then be established by the classical observation that 
7rf al (C/(Y, y), y) corresponds to the subgroup of Kut{F x ) of automorphisms 
of F x fixing (Y,y) (6.13, V, [SGA03j ). 

6 Etale van Kampen theorems 

Etale van Kampen theorems have previously been developed with the goal 
of expressing the pro-groupe fondamental elargi G of any pointed connected 
small Grothendieck site (C, x) in terms of the corresponding pro-groups of 
hopefully "simpler" spaces. Past approaches include |Sti06j . (§5, IX, [SGA03] ) 
upon which the arguments of [Sti06j are based, and [Zoo02] . The former two 
works are based on rather intricate constructions coming from descent the- 
ory and only treat the case of profinite 7rp al , whereas the latter does address 
the pro-groupoid fondamental elargi (4.8, [Zoo02] ) but only with respect to 
covers by Zariski open substacks. 

The approach described here makes use of homotopy theory to simulta- 
neously hide the descent theoretic aspects of the former two constructions 
while generalizing the results of [Zoo02j to deal with certain non-Zariski cov- 
erings. The resulting van Kampen theorem here is simpler to state than (5.3, 
5.4, [Sti06j ) , does not require the covering to consist exclusively of monomor- 
phisms, and does not depend on specific properties of the etale topology. On 
the other hand it is a statement about pro-groups rather than pro-groupoids, 
so in the latter case one must still defer to the methods of [Zoo02j which ef- 
fectively assume that the covering is given by monomorphisms. 

Given any sheaf of groups if on a small Grothendieck site C, the restric- 
tions H\u of H to the sites C/U for objects U of C have associated cocycle 
categories H(*, BHm), and these determine a simplicial presheaf BH(*, BH) 
defined in sections U by 

BH(*, BH)(U) := BH(*, BH\ V ). 
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This simplicial presheaf satisfies descent in the sense that it is sectionwise 
equivalent to a globally fibrant model (i.e. a fibrant object for the injective 
closed model structure) and admits a local weak equivalence 

BE ^ BU(*,BH) 

so is a model for the classifying stack of H (Theorem 4, |Jar09aj ). There is a 
sectionwise weak equivalence BH(*, BH) ~ S(ffi?-Tors) where the latter is 
the simplicial presheaf of nerves of groupoids of if|(/-torsors for restrictions 
of H to the various sites C/U (by remarks preceding ibid.), so the latter also 
satisfies descent. 

Suppose now that (C, x) is a pointed small Grothendieck site with a sub- 
canonical topology and finite products and that (U, u) and (V, v) are pointed 
objects of C such that the pullback square S 

U x V >£/ 

" 

V ^* 

is a pushout of pointed sheaves on C, where U x V is pointed by u X v. By 
Quilen's axiom SM7 (cf. 11.5, I, [GJ99] for a definition and 3.1, |Jar87] for a 
proof), this pushout determines a homotopy cartesian square Hg 

H-Tors(C) H-Tots(U) 



H-Tois(V) H-Tois(U x V) 

of groupoids of if-torsors naturally in H for any constant sheaf of groups 
H := Y*H on C whenever U — > * or V — > * is monic (i.e. a cofibration 
for the injective closed model structure), or more generally whenever S is 
homotopy cocartesian for the injective closed model structure. 

Lemma 6.1. Suppose a commutative square 
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is homotopy cartesian over an object B in some right proper closed model 
category, and suppose the structure maps from the objects of this square to 
B are fibrations. Let c : A — >■ B be a weak equivalence. Then the pullback of 
this square along c is also homotopy cartesian. 

Proof. Factor the map W — > Z as a trivial cofibration q : W — >■ Q followed by 
a fibration g : Q — >■ Z, and let q c (resp. g c ) denote the base change of q (resp. 
g) along c. Then the composite Q — > Z — > B is a fibration since Z — >■ 5 
is a fibration and — > -B is also a fibration so q c is a weak equivalence 
by right properness, and one sees directly that g c is a fibration. Pulling 
back g c q c along the base change along c of Y — > Z determines a fibration 
{Q x z Y) x B A ^ Y x B A, and it suffices to show that the induced map 
Xx B A — > (Qx z Y)x B A is a weak equivalence. This map is the base change 
along c of the induced map X — > Qx z Y which is a weak equivalence since the 
original square was homotopy cartesian. The composite Q x z Y — > Y — > B 
is a fibration since Y — > B is a fibration, and X — > B is also a fibration so 
the result follows by right properness. □ 

Proposition 6.2. For any constant sheaf of groups H := T*H on a pointed 
small Grothendieck site (C, x) with a subcanonical topology and finite products 
and any square S of pointed maps as above such that either one of the sheaf 
maps U — )> * or V — >■ * is monic or S itself is homotopy cocartesian for the 
injective closed model structure on Shv(C), there is a homotopy cartesian 
diagram 

H-Tom x {C) #-Tors u (C/) 



H-Tors v {V) ^H-Tois uxv {U x V) 

of groupoids of pointed torsors natural in H . 
Proof. There is a diagram 

s*(ff)-Tors(Set) — > M*(ff)-Tors(Set) 



v*(#)-Tors(Set) (u x v)*(#)-Tors(Set) 

under H$ induced by S which commutes since the maps of S are pointed. In 
fact, H = x*(H) = u*{H\u) and similarly for the other points, so that all of 
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the groupoids in this diagram are identical to the groupoid ff-Tors(Set), and 
all of the restriction maps are equalities. One may therefore unambiguously 
take the homotopy fibre of H$ over the trivial torsor H of the groupoid 
iJ-Tors(Set), and this of course results in the desired commutative square 
H* of groupoids of pointed if-torsors over x by Lemma 1 of [Jar09bJ. 
It remains to be shown that if* is also homotopy cartesian. Let 

h : * -> if-Tors(Set) 

denote the unique map picking out the trivial if -torsor in Set and factor it as 
a trivial cofibration c : * — > C followed by a fibration / : C — > if-Tors(Set) 
(this may be understood in terms of the nerves of the groupoids and the 
closed model structure on simplicial sets). A direct calculation shows that 
pulling back along fibrations sends homotopy cartesian squares to homotopy 
cartesian squares, so it suffices to show that pulling back along c preserves 
homotopy cartesian squares. Suppose one has a homotopy cartesian square 
He over C, and functorially replace all the maps to C by fibrations; the 
resulting objects of the new commutative square H' c are weakly (even homo- 
topy) equivalent to the old ones and nerves of groupoids are Kan complexes 
so that H' G is also homotopy cartesian. Now apply Lemma [6.11 □ 

Lemma 6.3. Suppose that D : J — > Set c is a finite loop-free diagram of 
pro-representable functors on a category C with all finite limits and colimits. 
Then 

fini-D 

J 

is a functor that is pro-representable by the colimit on J op of the representing 
pro- objects. 

Proof. The J op -diagram of representing pro-objects is also loop-free, so by 
the uniform approximation theorem of (3.3, appendix, [AM69J) it may be 
replaced by a cofiltered levelwise diagram of the same shape that is pro- 
isomorphic to the original. The finite colimits computed levelwise represent 
the colimit of the representing pro-objects by (4.1, appendix [AM69J). More- 
over, at each object % of the new index category I the functor represented by 
corresponding levelwise colimit represents the limit over J of the correspond- 
ing diagram of representable functors at i. Therefore, the colimits determine 
a levelwise pro-representation of the limit of the J-diagram D. □ 

Finally, the main theorem may be proven: 
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Theorem 6.4. Suppose that (C, x) is a pointed connected small Grothendieck 
site with a subcanonical topology, finite limits, and arbitrary small coproducts, 
and that (U, u) and (V, v) are pointed connected objects of C such that U x V 
is also connected and the pullback square S 

U x V >-U 



v 

is a pushout of pointed sheaves on C, where U x V is pointed by u x v. 
Furthermore, suppose that either one of the sheaf maps U — )■ * or V — > * is 
monic or that S itself is homotopy cocartesian for the injective closed model 
structure on Shv(C). Then there is a pushout diagram 

?rf (C/U xV,uxv) 7if (C/U, u) 



*?(C/V,v) -7rf(C) 

of u etale" homotopy pro-groups, each defined in the usual way by means of 
pointed representable Cech hypercovers on its respective site. 

Proof. The homotopy cartesian squares of Proposition 16.21 are clearly natural 
in H by construction. As U, V, and U x V are connected, the sites C/U, 
C/V, and C/U x V are also connected so that the respective groupoids of 
pointed torsors for any constant sheaf of groups H have trivial fundamental 
groups. Then Proposition 14.31 implies that these homotopy cartesian squares 
together determine a pullback diagram 

HXC-) »Hl(C/U,-) 



Hl(C/V,-)^Hl xv {C/UxV,-) 

in the functor category Set Grp . Each of these functors is pro- representable in 
Grp by Theorem 13 . 51 since all pointed if-torsors admit pointed trivializations, 
so Lemma 16.31 applies to give the desired pushout square. □ 



30 



The word "etale" is in quotes in the statement of the Theorem because one 
need not assume that the topology on C is the etale topology: the statement 
still makes sense in any pointed connected site (C, x) since the pro-groups 
7rf (— ) are defined by means of pointed connected hypercovers, and the defi- 
nition of hypercovers is independent of any particular Grothendieck topology. 
This Theorem requires no assumptions regarding effective descent associated 
to the cover by U and V (cf. |Sti06j ) nor is it restricted exclusively to covers 
by monomorphisms (as in the case of covers by open substacks; cf. |Zoo02j ). 

Of course, in the case where one is actually working in an etale site where 
the "points" are defined by geometric points, one may conclude with a more 
geometric statement. Here is an example: 

Corollary 6.5. Suppose that X is a connected locally noetherian scheme 
or DM stack, et(X) the etale site of X as defined in IZooO^ , x : Q — > X 
a geometric point of X , (U,u) and (V,v) pointed (over x) and connected 
objects of et(X) such that U Xx V is also pointed (by u x v) and connected, 
and suppose that the pullback square S 

U x V *-U 

v ^* 

is a pushout of sheaves on et(X). Then, if either one of the sheaf maps U —± * 
orV — > * is monic or S itself is homotopy cocartesian for the injective closed 
model structure on Shv(et(X)) then there is a pushout diagram 

?rf (U xV,ux v) »-7rf (U,u) 



7r?(V» -vrf(X,x) 

of etale homotopy pro-groups, each defined in the usual way by means of 
pointed representable Cech hypercovers on its respective subsite. 

Proof. The only condition to check is that pointed if-torsors admit repre- 
sentable pointed trivializations for all discrete groups H, but this follows 
from Lemma [3.31 □ 

The corresponding statement about the usual profinite Grothendieck fun- 
damental groups immediately follows: 
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Corollary 6.6. With the hypotheses and notation of Corollary \6.5[ there is 
a pushout square 

nf al (U xV,uxv) 7if al (U, u) 



?rp al (F, v) nf al {X, x) 

of profinite Grothendieck fundamental groups. 

Proof. The profinite completion functor ^ is a left adjoint to the inclusion 
functor 

i : pro-FinGrp ^ pro-Grp 

so in particular it preserves pushouts. By Corollary 16.51 one therefore gets a 
pushout square of the profinite completions of etale fundamental groups, but 
these are identified with the respective Grothendieck fundamental groups by 
Proposition 13.81 □ 

Importantly, this result is valid even when the pointed covering square S 
is constructed in et(X) rather than Finet(X). 
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